The scattering theory implied by the close-coupling equations is studied using a LippmannSchwinger formalism. The new results derived can be summarized as follows: An alternative form of the equations that ensures there are no spurious solutions in the scattering region can be constructed, and moreover there is an infinite number of such forms. The Neumann-(perturbation-) series expansion diverges in general for most energies for both the old and new forms. The Born limit nevertheless holds and can be recovered by appropriate rearrangement of the Neumann series. The original integral formulation may give convergent scattering amplitudes despite the lack of uniqueness of the solutions. The conditions under which this happens are examined.
amplitudes.
The purpose of this paper is to examine the scattering theory of the close-coupling equations motivated by the above considerations. We will assume that the eigenfunctions for the target are known exactly, so restricting ourselves to the special case of hydrogenic targets. It differs from that encountered in normal potential scattering through the existence of the nonunique solutions. Also, the effective potential is energy dependent and nonlocal and has the feature that the energy dependence is linear in energy. It will be shown that the energy dependence, contained in the separable part of the nonlocality, is responsible for the behavior reported here. The existence of different forms of close-coupling equations will be demonstrated to be due to the relationship between this separable part of the potential and its representation in terms of the nonphysical solutions. In addition, an explanation for the stability of the standard close-coupling equations wi11 be given using the representation of the potential noted above. It will be shown further that there is a surprising corollary to this study of the LippmannSchwinger form, namely that the Neumann-series expansion of the close-coupling equations often diverges no matter how great the energy for the scattering is. This is in contrast to the situation in potential scattering where the free Green's function ensures the higher-order terms in the series become unimportant at suSciently high energies. The lack of convergence is due to the cancellation of the free Green's-function energy dependence with the energy-dependent terms in the effective potential. This result does not rule out the validity of the Born approximation at high energy but does, in contrast to potential scattering theory, demonstrate that questions relating to convergence to the Born limit cannot be exhaustively answered by a consideration of the Neumann series alone. In fact, the special separable nature of the energydependent term can be used to advantage to sum to infinite order, the diagrams which are responsible for the anomalous behavior. It is shown that on the energy shell the contribution of these terms to the scattering amplitudes tends to zero at high energies and that the remaining terms also die off with the exception of the Born term.
Thus, as has been amply confirmed by numerical computation, the Born limit is valid for electron-hydrogen scattering but not for the reasons one might have as- 
II. LIPPMANN-SCHWINGER EQUATIONS
We take an explicitly symmetrized expansion for the electron-hydrogen three-body wave function P -(1, 2)= -, '(1+&lP) singlet (triplet) scattering, the superscript N indicates the dependence of the solution on the basis-set size, and P, 2 is the space exchange operator. In the limit N~00, 4~%. The limiting sum is to be interpreted in the general sense of summing over the denumerably infinite discrete excited states of the target and an integral over the scattering continuum of the target. It will be assumed that the sum over discrete states and integral over continuum states can be approximated by the denumerable sum in the limit as N~00. However, for definiteness we will consider only the states taken from the discrete spectrum, and so normalizable in the L sense. The f are the solutions of the close-coupling equations.
The B arrays associated with this ordering are defined as follows: 
where the inhomogeneous term corresponds to a plane wave in entrance channel i with momentum k;. This representation has the solution (7) where, in addition to a particular solution of the inhomogeneous equation, there are N solutions 4 -+ of the homogeneous equation (15) where the X -are arbitrary constants and
The integral equation for the scattering functions can also be converted to the T-matrix form by defining
The 4 form a total of N++N =N independent de-41 In what foHows we adopt the convention that all on-shell momenta are labeled by k and o6 '-shell (9) - (11) we see (27) N N &e--IF-&= y &e, --lF &= y a"--&y, lF;&=0.
T+-=(U+-+la+ &D+&e I)(1+G, T-) .
The homogeneous forms of Eqs. (29) (14) and (17), and making use of the expansion (24), we find and the T-matrix equation will diverge in the operator norm sense independently of the energy. This is in contrast to the situation in potential scattering theory and is a consequence of the nature of the energy dependence of the 8'+-potential.
Convergence in the operator norm is a stronger condition than we require because it involves on-and o8'-theenergy-shell T-matrix elements. Since we are interested in studying the Born limit, one really only requires the on-shell matrix elements of (37) . The convergence of the on-shell series partial sums can be investigated by taking the half-on-shell T-matrix equation (43) and considering the sequence of partial sums of the form '. (52) Here T is the T mat-rix of Eq. (30 We begin by showing in Fig. 1 Fig. 2 . Again we label the trajectories according to their magnitude at the scattering threshold (the ordering is diFerent to that of Fig. 1 ; for example, the resonance feature is contained in different trajectories). As before, the eigenvalues become complex in the scattering region and initially appear to have a small change in their imaginary part compared to their real part; they then move rapidly into the complex plane. appears to be unaffected by the presence of the threshold altogether (it is the trajectory which contains the H ion). The eigenvalue g4 gives rise to the reso- nance feature described by the g3+ in the old equations.
Its position and width are the same despite the difference in the trajectory shapes. Meetz has shown how to find the position and width of a resonance from the real and imaginary parts of the eigenvalue. An example of such an application has been given for 1s-2s-2p close coupling using this method.
The magnitude of the eigenvalues varies considerably. g+, attains a maximum magnitude of about 13 below 1 eV. At energies above 2 a.u. the eigenvalues have all completed the major part of their trajectories and approach the limiting value of -1 from outside the unit circle. As noted in the theory discussion this form of the kernel leads to X =4 singlet eigenvalues tending to -1. We have not shown the eigenvalue trajectories for triplet scattering because their characteristics are very similar to those discussed for the singlet scattering and in all cases confirm the theory predictions of Sec. IV.
Comparing the two figures we see that there is at least one eigenvalue which lies outside the unit circle for all scattering energies. Thus it may be concluded the Neumann series for the singlet J =0 partial wave scattering diverges always. In this respect the close-coupling theory equations fall outside the domain of standard scattering theory.
Next we turn to some examples to demonstrate our conclusions about the convergence of the Neumann series. In Table I we consider the results for 1s close coupling. In the singlet channel the theory predicts a single eigenvalue should approach -1 as E~cc. At 100 eV it can be seen that r, " is approaching this limit from outside the unit circle. Thus, as for the two channel case just discussed, the Neumann series must diverge at high energies for singlet scattering. This is confirmed by the sequence of Neumann-series partial sums shown in the table. It appears that the series is converging for the first few terms in the sequence, but thereafter it slowly diverges by oscillating about the correct model value.
This behavior is due entirely to the value of r,"since from a consideration of the Fourier-series expansion of Eq. (44) it can be seen that in the limit of large n (T"+ --T"+:,) (T"* i -T"+z)-
The triplet channel is interesting because there is one eigenvalue of unity which, according to the analysis, should have no bearing on the convergence of the Neumann series. Also there should be no eigenvalue that approaches -1. This is confirmed in the Table I results.
We see that there is a rapid convergence of the Neuman series and its rate of convergence is that expected from the quoted r,"value.
In the second part of Table I 
